Introduction.

Let
The history of minimal surfaces goes back to J. L. Lagrange (1736-1813) who initiated in 1760 the study of minimal surfaces in Euclidean 3-space (see [18] ). Since then minimal surfaces have attracted many mathematician. In particular, minimal surfaces in real space forms have been studied very extensively during the last two and half centuries (see, [4, pages 207-249] and [21, 23] for details).
In [24, 25] , L. Verstraelen and M. Pieters studied some families of Lorentz surfaces in 4-dimensional indefinite space forms with index 2. Recently, parallel Lorentz surfaces in indefinite space forms with arbitrary codimension and arbitrary index were completely classified in a series of articles [8] - [14] (see also [1, 15, 16, 19] ). Moreover, Lorentz surfaces with parallel mean curvature vector in an arbitrary pseudo-Euclidean space were classified in [7] (see also [17] ). Further, minimal Lorentz surfaces in Lorentzian complex space formsM 2 1 (c) with complex index one were investigated in [5, 6] . In this paper, we study minimal Lorentz surfaces in indefinite space forms R m s (c) with arbitrary codimension and arbitrary index s. In particular, we completely classify minimal Lorentz surfaces in an arbitrary pseudoEuclidean space in section 4. In section 5, we classify minimal Lorentz surfaces of constant curvature one in an arbitrary pseudo m-sphere S m s (1). The classification of minimal Lorentz surfaces of constant curvature −1 in a pseudo-hyperbolic m-space H m s (−1) are obtained in section 6. In the last two sections, we provide many explicit examples of minimal Lorentz surfaces in S m s (1) and in H m s (−1).
Basics formulas, equations and definitions.
Let R m s (c) be an m-dimensional indefinite space form of constant sectional curvature c and with index s. The curvature tensor of R m s (c) is given bỹ 
These formulas define h, A and D, which are called the second fundamental form, the shape operator and the normal connection, respectively.
For each normal vector ξ ∈ T ⊥ x M 2 1 , the shape operator A ξ at ξ is a symmetric endomorphism of the tangent space T x M 2 1 , x ∈ M 2 1 . The shape operator and the second fundamental form are related by
A Lorentz surface in an indefinite space form is called totally geodesic if its second fundamental form vanishes identically. It is called minimal if its mean curvature vector vanishes identically.
The equations of Gauss, Codazzi and Ricci are given respectively by
and R D is the curvature tensor associated to the normal connection D, i.e., 
Then it follows from (2.5) and (3.5) that the mean curvature vector of M 2 1 is given by In this section, we completely classify minimal Lorentz surface in an arbitrary pseudo-Euclidean m-space E m s . More precisely, we prove the following. 
1 into a pseudo-Euclidean m-space E m s with index s ≥ 1. We choose a local coordinate system {x, y} on M 2 1 satisfying
Then we have (3.2)-(3.9).
If M 2 1 is a minimal surface, it follows from (3.9) that h(e 1 , e 2 ) = 0 holds. Hence, we may put
for some normal vector fields ξ, η. After applying (2.2), (3.2), (3.4), and (4.2), we obtain
After solving the second equation in (4.3), we find
for some vector-valued functions z(x), w(y). Thus, by applying (3.1) and (4.4), we obtain z ′ , z ′ = w ′ , w ′ = 0, and z ′ , w ′ = −E 2 . Therefore, z and w are null curves satisfying
1 is surface with induced metric given by g = F (x, y)(dx ⊗ dy + dy ⊗ dx) for some nonzero function F . Moreover, it follows from (3.9) and L xy = 0 that L is a minimal immersion. 
Then we may choose a local coordinate system {x, y} on M 2 1 satisfying
for some normal vector fields ξ, η. After solving the second equation in (4.7) we find
for some vector functions z, w. Thus, by applying (4.6), we find z ′ , z ′ = w ′ , w ′ = 0 and z ′ , w ′ = −1. Consequently, z and w are null curves satisfying z ′ , w ′ = constant = 0.
Conversely, consider a map L defined by L(x, y) = z(x) + w(y), where z and w are null curves satisfying z ′ , w ′ = constant = 0 . Then we have
Thus, with respect to the induced metric, (4.5) defines an isometric immersion of a flat Lorentz surface M 2 1 into E m s . The remaining follows from Theorem 4.1. 
Minimal Lorentz surfaces in
is locally given by
where z(x) is a spacelike curve with constant speed 2 lying in the light cone LC satisfying z ′′ , z ′′ = 0 and z ′′′ = 0.
where z and w are curves in E m+1
, we obtain case (a). Hence, let us assume that M 2 1 is non-totally geodesic in S m s (1). Since M 2 1 is of constant curvature one, we may choose local coordinates {x, y} such that the metric tensor is given by 
After solving the last two equations in (5.8) we obtain
for some E m+1 s -valued function z(x). Since the metric tensor is given by (5.3), one finds
Thus, it follows from (5.8), (5.9) and L, L = 1 that z(x) satisfies
Moreover, by substituting (5.9) into the first equation (5.8) we find
Combining this with ξ = 0 gives z ′′′ (x) = 0. Consequently, we obtain case (b).
Conversely, suppose that L is given by (5.1), where z(x) is a spacelike curve with constant speed 2 lying in the light cone LC ⊂ E m+1 s satisfying z ′′ , z ′′ = 0 and z ′′′ = 0. Then L satisfies (5.9) with ξ given by (5.10). From the assumption, we have 
The compatibility conditions of (5.12) are given bỹ
for some E m+1 s -valued functions A(x), B(y). Substituting (5.14) into (5.12) yields
After solving system (5.15), we obtain 
Since the metric tensor of M 2 1 is given by (5.3), we find 
Similarly, from (5.22) 
1 is an open portion of a totally geodesic
where z(x) is a timelike curve with constant speed √ 2 lying in the light cone
is locally given by L(x, y) = (z(x) + w(y)) tanh
where z and w are curves satisfying
, we obtain (i). Hence, let us assume that M 2 1 is nontotally geodesic.
Since M 2 1 is assumed to be of constant curvature −1, we may choose local coordinates {x, y} such that the metric tensor is given by
Hence, the Levi-Civita connection satisfies (6.4)
Let us put
Then we get e 1 , e 1 = e 2 , e 2 = 0, e 1 , e 2 = −1. (6.6) Because M 2 1 is minimal, it follows from (3.9) and (6.3) that h(e 1 , e 2 ) = 0 holds. Hence, we may put h(e 1 , e 1 ) = ξ, h(e 1 , e 2 ) = 0, h(e 2 , e 2 ) = η (6.7)
for some normal vector fields ξ, η. Without loss of generality, we may assume ξ = 0. Since M 2 1 is of curvature −1, the equation of Gauss and (6.7) imply that ξ, η = 0.
Case (i): η = 0. By applying formula (2.2) of Gauss, (6.3)-(6.5), and (6.7), we obtain (6.8)
After solving the last two equations in (6.8) we have
for some E m+1 s+1 -valued function z. It follows from (6.3), (6.8), (6.9) and L, L = −1 that z(x) satisfies z, z = 0, z ′ , z ′ = −2, and z ′′ , z ′′ = 4. Moreover, substituting (6.9) into the first equation (6.8) yields
Combining this with ξ = 0 gives z ′′′ (x) = 2z ′ (x). Consequently, we obtain (ii).
Conversely, suppose that L is given by (6.2), where z(x) is a timelike curve with constant speed √ 2 lying in the light cone LC satisfying z ′′ , z ′′ = 4 and z ′′′ = 2z ′ . Then, L satisfies (6.8) with ξ given by (6.10). Moreover, from the assumption, we have
Hence, we know from (6.9) and (6.11) that the induced metric tensor is given by (6.3) . Consequently, we see from (6.8) that the second fundamental form of ψ satisfies h( ∂ ∂x , ∂ ∂y ) = 0. Therefore, the immersion ψ is minimal.
Case (ii): η = 0. By applying formula (2.2) of Gauss, (6.3)-(6.5) and (6.7), we obtain (6.12)
The compatibility conditions of (6.12) are given bỹ
Solving (6.13) gives
for some E m+1 s -valued functions A(x), B(y) satisfying A, B = 0. Substituting these into (6.12) yields (6.14)
After solving system (6.14) we obtain L(x, y) = (z(x) + w(y)) tanh
for some E m+1 s -valued functions z, w. From (6.15) and L, L = −1, we obtain condition (iii.1) of the theorem.
After differentiating (6.15) we get (6.17)
Since the metric tensor of M 2 1 is given by (6.3), we find
From (6.14) and (6.16), we obtain (6.19)
Thus, we derive from (6.18) and (6.19) that
These give conditions (iii.2) and (iii.3). Therefore, we obtain case (iii).
Conversely, if L is given by (6.2) such that z(x), w(y) satisfy conditions (iii.1), (iii.2) and (iii.3), then we know from (6.2) that L satisfies (6.19). Also, it follows from (6.2) and 
which yields L x , L x = 0. Similarly, from (6.19) and (iii.3) we find L y , L y = 0. Also, after applying (iii.1), (6.19 ) and the second equation in (6.23), we obtain L x , L y = − sech 2 ( x+y √ 2
). Consequently, the induced metric tensor via L is given by (6.3). Therefore, it follows from (3.9) and the second equation in (6.19 ) that the immersion ψ : M 2 1 → H m s (−1) is minimal.
Explicit examples of minimal Lorentz surfaces in S m s (1).
There exist infinitely many spacelike curves with constant speed 2 lying in the light cone LC ⊂ E m+1 s satisfying z ′′ , z ′′ = 0 and z ′′′ = 0.
Example 7.1. Consider the curve z = z(x) in E 7 3 defined by z(x) = a cosh px, 
